Abstract. In this work we investigate the feasibility of excitation of parametric resonance in micro/nano beams by means of Joule's heating of the beam's material. A time-dependent voltage applied to the beam's ends generates an alternate electric current through the beam, which results in a time-dependent heating of the beam's material and appearance of a time-dependent compressive axial force acting on the beam. By choosing appropriate values of the frequency and magnitude of the voltage, efficient parametric excitation of the beam can be achieved. The main advantage of the suggested approach is its simplicity and compatibility with the existing fabrication processes and common configurations of micro devices. The beam is modeled in the framework of the Euler-Bernoulli theory. The influence of the thermo-elastic effects on the heat generation is neglected and it is assumed that the contribution of the Joule's heating is dominant. The thermo-mechanical coupling is introduced through the thermal expansion of the beam's material due to the heating. The time-harmonic heat-transfer problem is solved analytically. An approximate single degree of freedom (lumped) model of the beam is built by means of Galerkin decomposition. The results provided by the lumped model are verified through comparison with the numerical data obtained by the Finite Differences method. In the framework of the lumped model, the stability properties of the beam are described using the canonical damped Mathieu equation. It was found that within the range of the frequencies below the fundamental frequency of the beam a frequency region always exists such that parametric resonance is possible for the excitation voltages below the critical voltage, corresponding to the Euler buckling of the beam.
INTRODUCTION
Micro-and nanoelectromechanical systems (MEMS and NEMS) find applications in various areas of research and engineering due to their small size, low fabrication cost, unique performance and suitability for integration in complex functional systems [1] . Since the first micromachined electrostatically actuated resonator was introduced by Natanson [2] , a large variety of MEMS/NEMS resonators was reported including radio frequency (RF) timing devices and filters [3] , inertial sensors [4, 5] as well as mass [6, 7, 8] and stress [9] based sensors for chemical and biological detection. Resonant sensors benefit from the dependence of a device spectral characteristics on device parameters, the latter of which can be extracted with very high accuracy by tracking the changes in the resonant frequency.This principle lies in the foundation of resonant mass sensors [10] .
Emerging of new applications and unabated progress in required performance of the devices motivates development of robust architectures for efficient resonant driving. Particularly, efficient parametric excitation, first reported for mechanical microstructures in nineties [11, 12] , continues to attract considerable research attention in the realm of MEMS and NEMS as reflected in numerous publications (e.g., see reviews [13, 14] and references therein). Parametric excitation and parametric resonance (PR) are associated with the excitation through timemodulation of the parameters of the system rather than through direct force application to the structure [15] . These systems are distinguished by time-dependent effective stiffness or inertia coefficients of the governing equation and are described by (linear or nonlinear) Mathieu differential equations [15] . Parametrically excited sensors are attractive for a broad range of applications such as mass sensors [16] , angular rate sensors [17, 18] ) and scanning micro mirrors [19] thanks to their general characteristics of relatively wide bands of operation frequencies, large amplitudes and sharp transition between low-amplitude to high-amplitude response. In MEMS/NEMS devices parametric excitation is typically achieved through controlled modulation of effective stiffness of the mechanical system. In electrostatic devices, the actuation forces are usually nonlinear, time-and configuration-dependent functions, which affect the device effective stiffness [19, 20, 21, 22, 23, 24, 25, 26] and result in parametric excitation of the structures. Recently, parametric excitation has been demonstrated in MEMS/NEMS devices through various rich possibilities, including kinematic excitation of a beam's attachment point [27] , direct mechanical stiffness modulation [28] , the mass-matrix modulation [29, 30] ) and via fringing electrostatic fields [16, 19, 31] .
Joule heating of micro structures was considered mainly in the framework of the analysis of electro thermal actuators (e.g., see [32, 33] ). Since the characteristic time associated with heating and cooling is typically much longer than the period of free vibrations of these structures, mainly static or low frequency operation of thermal actuators was explored. Some approaches were suggested addressing this intrinsic limitation [34] . Electrothermal heating (by a steady time-independent current) was suggested as an efficient way of tuning the resonant responses of electrostatically actuated devices [35, 36, 37] . Downscaling of the devices's dimensions reduces significantly the thermal response times and allows achieving of resonant thermal excitation of nanoelectromechanical (NEMS) devices using optical heating by means of modulated laser [38, 39, 40, 41] . Parametric excitation and parametric amplification in laser-heated micro beams was reported in [42, 43] . Laser heating was used also for the tuning of the resonant responses of nano beams [44] . Self-excitation of NEMS structures undergoing steady laser irradiation and optomechanical coupling was analyzed as well [38, 45, 46] .
In this work we explore a simple but unusual way to excite resonant parametric vibrations of a slender double clamped beam by means of thermoelectric excitation. Specifically, the modulation of the effective stiffness of the structure is achieved by changing the axial force through the time-periodic heating of the beam's material. An alternating electrical current passing through the beam results in the resistive Joule's heating of the beam's material and in appearance of the time-dependent axial compressive force. Note that combined thermal and magnetic actuation of micro beams was demonstrated theoretically and experimentally in [47] . In the present work we eliminate the magnetic Lorentz force and consider the case of excitation solely by heating. The main goal of the work is to investigate the feasibility of excitation of PR in the beam by means od Joule's heating.
FORMULATION
The device under consideration consists of a prismatic double clamped beam with length, width and thickness of L, b and h respectively, Fig. 1 . The beam is assumed to be made of a linearly elastic material with the Young's modulus E and mass density ρ. The beam is free to deflect in thexẑ (orŷẑ) plane while the ends of the beam are constrained in both lateralŷ,ẑ and axialx directions by unmoveable anchors attached to the substrate. The voltage difference V is applied between the anchors of the beam resulting in the current I passing through the beam. The beam is described in the framework of the Euler-Bernoulli theory and under the assumption that the deflections, while comparable with the thickness of the beam, are small with respect to the beam's length. In addition, we assume that the axial and rotary inertia are negligible compared with the transverse inertia. Under these assumptions, the governing equation of the beam is (e.g., see [48] for the details of the development)
It is completed by homogeneous boundary conditionsŵ(0,t) =ŵ(L,t) = 0, ∂ŵ(0,t)/∂x = ∂ŵ(L,t)/∂x = 0. In Eq. (1)x andt are dimensional coordinate and time, respectively; A and I yy are the cross-sectional area and the sectional second moment of area;ŵ -is the deflection of the beam in the lateralẑ direction;ĉ is coefficient of viscous damping. The axial tensile forcê
incorporates three terms: the time-independent tensile pre-load σ 0 A (e.g., originated in the residual stress arising during the fabrication process), compressive force associated with the thermal stress and the nonlinear, deflection-dependent stretching force. In Eq. (2) T = T (x,t) is the temperature change above a reference temperature and α = α(T ) is the (generally speaking temperature-dependent [49] ) coefficient of thermal expansion. Note that T (x,t) represents the temperature averaged across the section of the beam [32] .
To simplify matters, in this work we adopt an assumption that the coefficient of the thermal expansion α is independent on temperature. In this case Eq. (1) can be written in the form
HereT =T (t) is the temperature averaged along the beam. Equation (1) with the axial force given by Eq. (3) shows that changing of the temperature periodically in time will result in a timedependent axial force. Consequently, Eq. (2) is an homogeneous partial differential equation with a time-dependent coefficient and is of a parametric type. By choosing the frequency and amplitude of the axial force within an appropriate interval, one can anticipate that it could be possible to excite parametric resonance in the beam.
Thermal problem
Electric potential difference is applied between the beam's ends. The heat (per unit volume of the beam's material) generated by the electric current is E gen = J 2 ρ e [32] . Here J = J(x, y, z) = I/A is the current density and ρ e is the electrical resistivity of the beam's material. This Joule's heating is assumed to be the only source of heat generation in the system under consideration while the influence of the thermoelastic coupling arising due to the heat generation associated with the rates of material deformation, is neglected.
For the sake of simplicity, in the analysis of the thermal problem we assume that the material parameters -thermal conductivity, specific heat and resistivity -are independent on temperature. Note that while in reality the temperature dependence of both thermal (conductivity, specific heat) and electrical (resistivity) parameters is significant, this assumption allows to obtain closed-form solutions and is often used in order to simplify development (e.g.,see [50] ). In addition, we assume that the current density is distributed uniformly across the section of the beam. Finally, we neglect the term associated with the heat losses to the surrounding fluid and the substrate [51] through the beam's envelope and assume that the cooling of the beam takes place solely through its ends via the conductivity mechanism. Under these assumptions, the heat conduction in the beam can be described by the one-dimensional equation (e.g., see [32] for the reduction of the three-dimensional heat conductance problem to the one-dimensional counterpart)
Here T (x) is the temperature (temperature excess above an ambient reference T ∞ ) averaged across the section of the beam, C P is the specific heat, κ is the thermal conductivity and ρ is the material density. Note that in Eq. (4) the term J 2 ρ e is the heat generated per unit length of the beam.
The voltage (and consequently the current) applied to the beam's ends contains both steady V dc and time-periodic V ac components
Hereω is an circular frequency of the driving electrical signal. First we solve an auxiliary problem of the uniform (in space) harmonic heat source W cos(ωt). In this case in view of the adopted assumptions, Eq. (4) takes the form
subject to the boundary conditions T (± L/2,t) = 0. For convenience, we introduce nondimensional quantities
and re-write eq. (6) in the form
with the boundary conditions θ(± 1/2, t) = 0. Note that the non-dimensional frequency parameter β represents the ratio between the beam's length to the thermal diffusion length µ = 2k/(ρ C pω ), which can be viewed as a characteristic dimension in the frequency domain, for the case of periodic heating [52] .
We are looking for the solution in the following form
Substituting of Eq. (9) into Eq. (8 ) yields the following system of ordinary differential equations for θ s (x) and θ c (x) 2β
completed by the boundary conditions θ s = θ c = 0
The solution of the system is
Averaging of θ(x, t), Eq. (9) over the length of the beam yields
whereΘ 15) are the (frequency-dependent) amplitude and the phase, respectively. Note, that in the quasistatic case when β → 0 we have Figure 2 shows the distribution of the sine and cosine components of the temperature for differing values of β (different frequencies). For small β the distribution of the temperature is similar to the quasi-static case. With increase of the frequency, the space dependence of the temperature is less pronounced. The reason for this behavior is that at higher frequencies the diffusion length decreases and heat distribution becomes more local [53] , which, combined with uniform heat generation along the beam, results in the temperature distribution close to uniform and justifies the spatial averaging for the case of high frequency excitation. Equation (14) suggests that the amplitude of temperature decreases as 1/2β
2 with the increase of the frequency. Following combination of the solutions for the two limit cases (static and high frequency) allows simple approximation for theΘ(β)
The comparison of the approximation (17) with the exact averaged solutionΘ(β) is illustrated in Fig. 3 . In the case of Joule's heating, the heat propagation in the beam is described by Eq. (4) with the source therm J 
where θ s (x, β) and θ c (x, β)are given by Eqs. (11) and (12). Using Eqs. (13)- (16) we calculate the temperature averaged along the length of the beam
Note that Eq. (19) can be simplified for the case of large β (high frequency), when φ(
In order to estimate the accuracy of the approximate analytical solution the numerical solution of the thermal problem Eq. (4) with the source therm J 2 ρ e given by Eq. (5) was build by means of the finite differences method. The partial differential equation (4) completed by the zero temperature initial conditions and zero boundary conditions is reduced to the system of ordinary differential equations using a spacial finite difference discretization. The integration of the resulting system of linear ordinary differential equations in time is then carried out using fourth-order Runge-Kutta method implemented in Matlab [54] . In all the calculations presented hereafter we used the parameters listed in Table 1 until otherwise is stated. The nodal (discrete) values of the temperature are used for the calculation of the averaged (along the beam) temperature on each time step of the calculation. Figure 4 shows the the analytical steady-periodic and the numerical transient solutions in terms of the average temperatures. Good agreement between the two is observed. One can mention also that in accordance with Eq. (5) the source term J 2 ρ e combines both double and single electrical signal frequencies. Figure 4 illustrates that the increase of the ratio V dc /V ac results in more pronounced response at the (single) frequency of the supplied electrical signal. Table 1 .
Coupled problem and decomposition
The dynamics of the beam heated by a time-dependent current are described by Eq. (1) with the axial force N given by Eq. (3), where the temperatureT , averaged along the length of the beam, is given by Eq. (19) . By introducing the non-dimensional quantities
where r = I/A is the cross-sectional gyration radius, we re-write eq. (1) in the form
where( ) = ∂/∂t. Note that in accordance with Eq. (21) the frequency was re-scaled. The non-dimensional axial force N is given by the expression
where the parameters associated with the driving terms are
Here η = L/r is the non-dimensional slenderness ratio of the beam and ε 0 = σ 0 /E is an initial tensile strain associated with the residual stress in the beam. We use Galerkin decomposition in order to construct a single DOF (lumped) model of the beam. By substituting the approximation of the deflection w = q(t)ψ(x) (where ψ(x) is the base function) into eq. (23) we obtain
where
Equation. (24) suggests that γ 0 decreases with increasing of the electric current. It means that heating reduces the system stiffness, as expected. Note also that γ 0 can be negative and it is limited by the static buckling of the beam. The post buckling behavior is not considered in this work.
Static stability
When the axial force engendered by the Joule's heating became higher than the critical Euler's value, the beam becomes unstable and can buckle. The condition of the static instability can be obtained by requiring that the linearized counterpart of the stiffness term in Eq. (25) is zero
For convenience, we replace (25) . In analysis of the static buckling we use the buckling mode of the beam ψ = (1 − cos 2π x)/2 as the base function. Taking into consideration that in this case the integrals m, k S and k B , Eq. (26), have the values of 3/8, π 2 /2 and 2π 4 , respectively we obtain the buckling criterion of the beam
In the framework of the single DOF nonlinear lumped model, the equilibrium of the beam is described by the equation
Equation (29) suggests that deflection of the buckled beam is bounded due to the presence of the geometric non-linearity. The non-dimensional and dimensional midpoint deflections of the beam in the post-buckling configuration are as follows (see [55] )
whereq is dimensional midpoint deflection. Note that this result can be obtained by replacing the prescribed axial compressive force by γ 0 in the exact solution for the buckled beam obtained in [55] . Figure 5 illustrates the comparison between the numerical finite differences (blue cycles) and analytical (red line) results for the static bifurcation of the silicon beam with the dimensions listed in Table 1 and without pre-stress (i.e., ε 0 = 0). The critical value of the voltage was found to be V cr ≈ 5.9V . 
Parametric excitation
The ordinary differential equation (25) governing the beam's dynamics in the framework of the single DOF model is actually a particular case of a well-known damped Hill's equation (e.g.,see [15] ) with an additional nonlinear cubic term. The time-periodic stiffness coefficient contains two time scales-one is proportional to the driving frequency ω (the frequency of the supplied electrical signal) and the second is twice of this frequency, i.e., 2ω. In order to examine the possibility of the PR in the beam under consideration, we reduce Eq. (25) to the form of a canonical Mathieu equation. First, we consider the case of the excitation solely by the ac voltage/current and V dc = 0. In this case γ 1 (t) = 0 and the time-dependent coefficient contains only one time scale associated with the excitation at the frequency 2ω. Next, since the parametric instability onset occurs at the straight undeformed configuration of the beam, we neglect the nonlinear cubic term in the equation. In addition, we assume that the beam is initially stress-free, which is typical of the single crystal Si devices considered in this work. By setting the phase lag φ (Eq. (19) ) to be zero in a homogeneous equation, the single DOF model of the beam takes the form
Here the amplitude of the temperature modulationΘ is given by Eq. (14) with β replaced by β √ 2 (see Eq. (19)). Note that for convenience, we express the frequency parameter β in terms of the non-dimensional frequency ω, defined in Eq. (21)
By re-scaling time t = τ /2ω in Eq. (31) we obtain
This equation is actually the canonical Mathieu equation
whose two coefficients -δ and -define the character of the response. The δ -plane is subdivided into two sub-regions corresponding to the "stable" and "unstable" responses. The parametric resonance is possible for the values of δ and located within the "unstable" region.
The location of the boundaries of the unstability region corresponding to the primary parametric resonance is given by the expression [15] (note that this approximation is valid for small )
In accordance with Eq. (36) the parametric resonance in the damped Mathieu equation is possible for the values of higher than a certain threshold value (i.e. for >c in the case of primary PR [15] ). By comparing Eqs. (34) and (35) it is possible to express the parameters δ and in terms of the physical parameters of the beam
On the other hand, in the beam under consideration, the parameters δ and are not independent and related through Eq. (37)
Recall that in Eq. (38)Θ =Θ(β), i.e.,Θ depends on the excitation frequency, as suggested by Eqs. (14), (33) . Figure 6 shows the location of the stability boundaries given by Eq. (36) on the δ − plane and the lines = (δ) given by Eq. (38) each corresponding to a specific prescribed value of the driving frequency ω. Parameters of the beam correspond to listed in Table 1 . Note that the frequency dependence of the location of the stability boundaries is due to the dependence of the damping termc in the Mathieu equation on the driving frequency, Eq. (37) . One observes that the parametric excitation is possible when the (non-dimensional) driving frequency is lower than a certain threshold value ω < ω th < 5.4. Note that the natural frequency of the beam with no axial force is ω 0 = 4.73 2 = 22.39 >> ω th . If the beam is excited at the frequencies above the threshold frequency the excitation of the PR can not be achieved. Table 1 , Q-factor is 100.
CONCLUSIONS
In this work we investigate the feasibility of the excitation of the parametric resonance by means of time-periodic Joule's heating of double-clamped micro beam. The approach is distinguished by its simplicity and robustness and can be used, for example, in resonant sensors. In thermal micro actuators based on Joule's heating, the characteristic time constants corresponding to heating and cooling are typically much larger than the periods of free or resonant vibrations of micro structures. Our results suggest that in the system under consideration the excitation of PR is possible when the driving frequency (the frequency of the electric potential applied to the ends of the beam) is lower than a certain threshold value. For the parameters of the beam used in calculations and for the case of excitation by the ac voltage, this value was found to be significantly lower than the natural frequency of the beam. This result has a clear physical interpretation. The PR is excited when the frequency of the stiffness modulation, which is in our case the frequency of the temperature fluctuation in the beam, is close to twice the natural frequency. For the given dimensions and material (mechanical and electrical) properties of the structure the achievable "thermal" frequency is limited by the heating/cooling characteristics times and cannot be increased. However, the frequency of the PR cane be pushed down. Joule heating by a time-periodic voltage/current results in appearance of a steady component of the temperature. This steady heating of the beam leads to the appearance of a steady compressive axial force and results in the decrease of the natural frequency of the beam to the required value close to the half of the temperature modulation frequency. Heating allows the decrease of the frequency of the beam to any value below its natural frequency down to zero value, which corresponds to the buckling of the beam. Our results show that a combination of a driving voltage and of the driving frequency can be always found such that the PR frequency is decreased to the value of the driving frequency.
